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Fig. 2 Effect of scattering phase functions and albedo.

Fig. 3 Effect of emittance.

model. The single-scattering phase function for the LAS model is
given as

p( l p ) D 1 C a1 l p

where l p is thecosineof theanglebetweenthe in-scatteringandout-
scatteringdirections:a1 D 0 representsisotropic scattering,a1 D C1
indicates strong forward scattering, whereas a1 D ¡1 corresponds
strong backward scattering.Forward scattering enhances the radia-
tive transfer in the direction from the plate to � uid, whereas back-
ward scatteringretardsthe transfer.The slabphasefunction p( l , l 0)
required in Eqs. (8) and (9) can be easily obtained from p( l p)5 .

The variation of Nu/ (Gr/ 4)1/ 4 with the dimensionless axial dis-
tance n is shown in Fig. 2. Nu/ (Gr/ 4)1/ 4 is seen to increase with n .
The effect of degree of anisotropy a1 is also presented in Fig. 2.
For a1 D C1, i.e., for strong forward scattering, the increase in
Nu/ (Gr/ 4)1/ 4 over isotropic scattering is insigni� cant even at the
low valueof Nc , where radiationdominatesover conduction.Strong
backscattering (a1 D ¡1) also affects only insigni� cant reduction
in Nu/ (Gr/ 4)1/ 4 . Increasing in scattering albedo decreases the heat
� ux as observedfrom Fig. 2. x D 1 yields the least heat � ux because
of the total decoupling of convective and radiative heat � uxes for
this case. Figure 3 depicts the variation of heat � ux with emittance.
At higher emittances and ambient temperatures Nu/ (Gr/ 4)1/ 4 in-
creases, and this is obvious because of larger radiation interactions.

Conclusion
Degree of radiationscatteringanisotropydoesnot appear to affect

the total heat � ux from the plate to the � uid.
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Nomenclature
d = diameter of the tube, 2r0, m
f = Darcy–Weissbach friction factor
g = incident radiation function
h = heat transfer coef� cient, q / (Tw ¡ Tb), W/m2-K
I ( g , Os) = radiation intensity at distance g in the direction Os,

W/m2-sr
Ib(T ) = blackbody radiation intensity, W/m2-sr
k = thermal conductivityof the medium, W/m-K
Nc = conduction-radiationnumber, kb / 4r T 3

w

Nu = local Nusselt number, hd/ k
On = normal vector to the surface
Pr = Prandtl number, m / a
Prt = turbulent Prandtl number, e m / e h

p( Os, Os0) = scattering phase function
p( l p) = single-scatteringphase function
q = total heat � ux by convection and radiation, W/m2

Re = Reynolds number, ubd/ m
r = radial distance, m
r0 = radius of the tube, m
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r C = dimensionless radius, (rub/ m )
p

( f / 8)
Os = radiation direction vector
Oss = direction vector of the specularly re� ected radiation

from boundary
T = temperature, K
Tb = bulk mean temperature, (2/ r 2

0 ub)
r0

0
uTr dr , K

Ti = inlet � uid temperature, K
Tw = tube wall temperature, K
u = � uid � ow velocity at radius r , m/s
ub = bulk mean velocity of the � uid � ow,

(2/ r 2
0 )

r0

0
ur dr, m/s

uC = dimensionless velocity, u/ ub
p

( f / 8)
w = dimensionless velocity, u/ ub

x = tube axial distance from the inlet, m
y = distance from wall, m
yC = dimensionless distance, (yub/ m )

p
( f / 8)

a = thermal diffusivity of the � uid, m2/s
b = extinction coef� cient, j C c , m¡1

c = scattering coef� cient, m¡1

e = emittance of the tube surface
e h = thermal eddy diffusivity,m2/s
e m = momentum eddy viscosity, m2/s
f = direction cosine of Os with the axis that is mutually

orthogonal to radius vector and cylinder axis,
sin v sin }

g = dimensionless radius, r/ r0

h = dimensionless temperature, T / Tw

j = absorption coef� cient, m¡1

l = direction cosine of Os with the radius vector,
cos v sin }

m = kinematic viscosity of the � uid, m2/s
n = dimensionless axial distance from the tube inlet,

(x / d)/ (RePr)
q = re� ectance of boundary surface, q d C q s D 1 ¡ e
q d = diffuse re� ectance of boundary surface
q s = specular re� ectance of boundary surface
r = Stefan–Boltzmann constant, W/m2-K4

t = optical depth of the medium at radius r D r

0
b dr

t 0 = optical thickness for radius r0

v = angle between Os and cylinder axis
w = azimuthal angle of Os in the plane perpendicular to

cylinder axis
\ = solid angle, sr
x = scattering albedo, c / b

Introduction

C OMBINED forcedconvectionand radiationheat transferin ab-
sorbing, emitting, and scattering � uid � ow through tubes is of

interest in many engineering applications such as heat exchangers,
furnaces, boilers, combustion chambers, rocket engines, solar col-
lectors, cooling towers, nuclear reactors, etc. The radiative and con-
vectiveheat � uxes are interdependentsuch that a change in heat � ux
in one mode affects heat � ux in the other mode and vice versa. This
means that the radiativetransfer is coupledto the convectivetransfer
and needs to be solved simultaneously. Mathematical formulation
of the problem leads to a complicated nonlinear integrodifferen-
tial system, which is very dif� cult to solve. Wassel and Edwards1

considered the radiation and laminar or turbulent convection in-
teraction for a nongray � uid in a black-walled tube subjected to
constant wall heat � ux, using an exact treatment in terms of integral
functions to evaluate the radiative � ux. Balakrishnanand Edwards2

investigated the effect of molecular gas radiation upon the thermal
development downstream from a step change in wall temperature
for both laminar and turbulent nongray � uid � ow in a black-walled
� at-plate duct. Chawla and Chan3 solved the problem of thermally
developingpoiseuille � ow with scatteringusingthe methodof collo-
cation using splines. Azad and Modest4 investigated the interaction
of radiation with conduction and convection in thermally devel-
oping gray gas-particulate suspension � ow through a circular tube
using a modi� ed differential approximation to solve the radiative
transport, accounting diffuse re� ection, and linear anisotropic scat-

tering effects. Tabanfar and Modest5 extended the interaction of
thermal radiation with conduction and radiation for turbulent � uid
� ow to include nongray effects, but with black walls and constant
surface heat � ux using an exact treatment of radiative � ux. Huang
and Lin6 studied the interaction of radiation with laminar convec-
tion in thermally developing circular pipe � ow for absorbing and
emitting gray � uid considering the axial radiative � ux also. Chiou7

studied the combined radiation-convectionproblem with nongray
effects but with black walls. Yener and Ozisik8 solved the simulta-
neous radiation and forced convection for an absorbing, emitting,
and isotropicallyscattering thermally developinggray � uid � ow in-
side a parallel-platechannel, employingGalerkin’s method to solve
the radiative transfer equation, which includes diffuse re� ection ef-
fects also. Viskanta9 has given recent reviews of the literature on
radiation-convectioninteraction.

Combinedconvectiveand radiativeheat transfer in turbulent � uid
� ow through a tube with constant surface temperature has not been
studied earlier considering the effects of anisotropic scattering and
diffuse/specular re� ections from the wall. The present Note is con-
cerned with the theoretical investigation of steady-state coupled
forced hydrodynamicallyfully developed turbulent convection and
radiation heat transfer in absorbing, emitting, and anisotropically
scattering gray � uid � ow through a constant surface temperature
tube whose internal surface re� ects radiation both diffusely and
specularly. In the present Note the energy equation is solved by
a � nite difference method, and the radiation-transfer equation is
solved by the method of discrete ordinates in conjunction with the
Crank–Nicolson marching scheme.

Mathematical Model
Consideration is given to steady-state, combined forced con-

vection, and radiation heat transfer in an absorbing, emitting, and
anisotropicallyscatteringgray � uid � owing through a circular tube
of radius r0 . The � ow is assumed to be hydrodynamicallyfully de-
veloped turbulent. The tube internal surface re� ects radiation both
diffusely and specularly.The assumption is made that the tube sur-
face is gray, opaque, and isothermal.

Diffusive and radiative transfer in the axial direction is assumed
to be negligible in comparison to that in the radial direction.4 For
the modeling of turbulent � ow through ducts, the concept of eddy
diffusivity is simple to use and has been found to be capable of
accurately predicting the heat transfer behavior. In view of this, the
eddydiffusivityconceptis usedfor turbulencemodeling.The energy
equation for the medium may be written in dimensionless form as4

w
¶ h

¶ n
D

4
g

¶
¶ g

1 C
Pr

Prt

e m

m
g

¶ h

¶ g
¡

4(1 ¡ x ) t 2
0

Nc
[ h 4 ¡ g( g )]

(1)

subject to the boundary conditions

n D 0: h D h i , g D 0:
d h

d g
D 0, g D 1: h D 1 (2)

The three-layer model describes the hydrodynamically estab-
lished turbulent velocity pro� le for the � uid � ow in the circular
tube. In the laminar sublayer (0 < yC < 5) and in the buffer layer
(5 · yC · 30), the Von Karman equations are used and in the turbu-
lent core (yC > 30) the Nikuradse equation modi� ed by Reichardt
is used4,10:

uC D yC , 0 < yC < 5

uC D 5.0 yC ¡ 3.05, 5 · yC · 30

uC D 2.5
1.5(1 C g )
(1 C 2g 2)

yC C 5.5, yC > 30

(3)

The velocity pro� le is evaluated such that the conservation of
mass � ow holds well. This is mathematically expressed as

4

RerC
0

Z r C
0

0

uCrC dr C D 1 (4)
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Equation (4) becomes a problem in � nding r C
0 , which is related

to f as rC
0 D Re

p
( f / 32); therefore, f should be iteratively solved

out from the implicit equation (4).
The two-layer model based on mixing-length theory is used for

the momentum eddy diffusivity of � uid; the Van Driest–Spalding
model for the wall region (yC< 40) and the Reichardtmodel for the
turbulent core (yC> 40)4 are

e m

m
D

k

E
ekuC ¡ 1 ¡ kuC ¡

(kuC)2

2
¡

(kuC)3

6
, yC < 40

e m

m
D

krC
0

6
[1 ¡ g 2][1 C 2g 2], yC ¸ 40

(5)

where the constants k D 0.407 and E D 10.0.
The diffusivity for heat is evaluated using the turbulent Prandtl-

number concept. The earlier works on radiation interacting with
forced turbulent convection either used Prt D 1 or a constant such
as 0.85. Experimental evidence indicates that Prt has a sharp rise,
in fact much higher than 1, in the sublayer, showing that the mech-
anisms of heat and momentum transfer differ greatly there.10 Suc-
cessful calculation of heat transfer rates critically depends on in-
cluding the realistic variation of Prt along the radial direction of
the tube. We, therefore, use a recent model for Prt known as the
extended Kays–Crawford model to evaluate the turbulent Prandtl
number11:

Prt D 1

,
1

2Prt1
C C Pet

1
Prt1

¡ (C Pet )
2 1 ¡ exp ¡ 1

C Pet

p
Prt1 (6)

Pet D Pr
e m

m
, Prt1 D 0.85 C

D

PrRe0.888

C D 0.3, D D 100

In Eq. (1), g( g ) is the dimensionless incident radiation function
evaluated from the radiation intensity distribution I ( g , Os) as12

g( g ) D 1
4 r T 4

w

Z

4 p

I ( g , Os) d \ (7)

I ( g , Os) is evaluated from the solution of radiation transfer equation
(RTE) together with the boundary conditions, which are given as

l

t 0

¶ I ( g , Os)
¶ g

C
f

t 0 g

¶ I ( g , Os)
¶ w

C I ( g , Os) D (1 ¡ x ) Ib( g )

C
x

4 p

Z

4p

I ( g , Os 0) p(Os, Os 0) d\ 0 (8)

I ( g D 1, Os) D e Ib(Tw) C
q d

p

Z

On, ¢Os 0 < 0

I ( g D 1, Os 0)j On ¢ Os0j d \ 0

C q s I ( g D 1, Oss) (9)

I ( g D 0, Os) D I ( g D 0, ¡Os) (10)

The total radial heat � ux q( n ) at the tube wall surface, which is
the sum of the conduction and the radiation contributions, may be
expressed in terms of a local Nusselt number, which is de� ned as

Nu( n ) D
q( n )d

k[Tw ¡ Tb( n )]
(11)

This may be expressed in terms of dimensionless quantities as

Nu D 1

( h b ¡ 1)
¡2

d h

d g
g D 1

C
t 0

4Nc
w r (12)

where h b D Tb/ Tw is the dimensionless bulk mean temperature and

w r D 4p
I [ t ( g D 1), Os] On ¢ Os d \

r T 4
w

(13)

Numerical Scheme
To obtain the temperature and the radiation intensity distribu-

tions, the energy equation, Eq. (1), and the RTE, Eq. (8), are to be
solved simultaneously.We adopt a numerical iterative procedure in
which the derivatives with respect to g in the energy equation are
replaced by second-order � nite differences, and this leads to a sys-
tem of nonlinear coupled ordinary differential equations describing
the variation of nodal temperatures with the independent variable
n (Ref. 13). The system of ordinary differential equations is solved
with the Crank–Nicolson method.14 Because for turbulent � ow the
velocity pro� le changes rapidly in the vicinity of the boundary, it
is necessary to adopt a nonuniform mesh with a � ner discretiza-
tion near the tube surface and a coarser grid away from it. Robert’s
coordinate stretching function was used for the coordinate trans-
formation to accomplish nonuniformmesh.13 Calculating the nodal
temperatures for the next n step involves the unknown g( g ) at that
step. Therefore, � rst a temperature distribution h ( g ) is assumed,
the RTE is solved to obtain the I ( g , Os) distribution, g( g ) pro� le
is evaluated from Eq. (7), and then h is solved for the next step.
This process involves a nonlinear system in h , which is solved by
the Newton–Raphson method. The preceding numerical scheme is
repeated until convergence, i.e., the maximum norm of the relative
difference of the intensity and temperature distributions between
two successiveiterations falls below 1.0E¡4. The whole numerical
procedure is repeated for all of the downstream positions.The RTE
is solved by the discrete ordinates method (DOM).12 DOM con-
verts the integrodifferentialequation and the boundary conditions,
Eqs. (8–10), into a two-point boundary-value problem in ordinary
differential equations that are solved by a variant of the shooting
method in conjunctionwith the Crank–Nicolson scheme as the core
integrator.14 The implicit equation(4) was solved numericallyusing
the method of regula-falsi.

Results and Discussion
To investigate the effect of anisotropic scattering in heat transfer,

we considera linearanisotropicscattering(LAS) model. The single-
scattering phase functions p( l p) for the LAS model for various
casesaregivennext,where l p is a cosineof theanglebetweenthe in-
scatteringand out-scatteringdirections.The phase function p(Os, Os 0)
required in Eq. (8) can be easily obtained from p( l p ) (Ref. 12).

Isotropic scattering:

p( l p) D 1

Forward linear anisotropic scattering:

p( l p) D 1 C P1( l p)

Backward linear anisotropic scattering:

p( l p) D 1 ¡ P1( l p)

The numerical accuracy of the computer algorithms is validated
by comparing the values of the convective Nusselt numbers from
the present analysis with the exact analytical results for laminar
tube � ow and experimental correlation for turbulent tube � ow. The
calculated laminar Nusselt numbers were within 0.5% of the exact
results presented by Kays and Crawford (p. 133 of Ref. 10). For the
comparisonof turbulent� ow results,thewell-knownDittus–Boelter
correlation as interpreted by Kakac et al.15 and given in Kays and
Crawford (p. 319 of Ref. 10) is used, i.e., Nu D 0.024Re0.8Pr0.4

for heating. The calculated asymptotic turbulent Nusselt numbers
were higher than the Dittus–Boelter values, and the difference was
within 6% for many values of turbulent Reynolds numbers in the
range 104–105 and Pr D 1. This kind of deviation in results between
theoretical values and experimental correlations for turbulent � ow
analysis is expected in view of the models used for eddy momentum
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diffusivity and turbulent Prandtl number and is quite acceptable for
engineering calculations.

The radiation model was separately validated by comparing the
heat � ux results for the casesof 1) a gray, nonscattering,and isother-
mal cylinderand 2) a gray, isotropicallyscatteringmedium between
two concentriccylindersat radiativeequilibriumwith that presented
in Modest (pp. 475, 476 of Ref. 12). For both the cases exact so-
lutions in terms of integral formulations are available. The results
from the present model were in good agreement with the exact re-
sults in the sense that the difference was less than 2%. For larger
optical thickness the difference was even less.

Figure 1 depicts the local Nusselt number as a functionof dimen-
sionless distance from the tube inlet for various values of optical
thickness. The Nusselt number increases with increasing optical
thickness of the medium. As x increases, the Nusselt number is
seen to be decreasing as seen from Fig. 2 because of radiation get-
ting decoupled from the other modes of heat transfer as scattering
albedo increases [see Eq. (1)]. From the � gures one can see that for
radiating � ow of a heating � uid the Nusselt number has a minimum
at a certain downstreamposition, and this position shifts toward the
inlet as the radiativecontributionincreases.This happensbecauseof
the continuous reduction in convective heat � ux and augmentation
of radiative � ux as it moves away from the inlet. From Fig. 3 one

Fig. 1 Local Nusselt number: effect of optical thickness ¿0.

Fig. 2 Local Nusselt number: effect of scattering albedo !.

Fig. 3 Local Nusselt number: effect of scattering phase functions.

Table 1 Local Nusselt number for diffuse ((½s = 0; ½ = ½d )) and
specular ((½d = 0; ½s = ½)) re� ection casesa

Nu
t 0 D 0.1 t 0 D 1.0

log[(x/ d )/(RePr)] Diffuse Specular Diffuse Specular

¡5.5 379.52 379.47 422.37 422.10
¡5.0 339.89 339.83 383.14 382.71
¡4.5 303.78 303.71 348.35 347.49
¡4.0 273.50 273.39 323.65 321.61
¡3.5 262.49 262.33 326.05 322.29
¡3.0 262.52 262.26 362.64 356.15
¡2.9 262.92 262.64 370.16 363.38
¡2.8 263.31 262.99 375.41 368.53
¡2.7 263.62 263.24 377.80 370.97
aIsotropic scattering: Re D 1.0e5, Pr D 1, Nc D 0.001, e D 0.1, h i D 0.5, x D 0.1.

can see that strongly backward scatteringgives the lowest heat � ux
results, strongly forward scattering gives the highest heat � uxes,
and isotropic scattering gives an intermediate result. A reduction
in Nc is seen to cause an increase in Nusselt number, and this is
expected in view of radiation dominance in such cases. An increase
in emittance increasesthe Nu in view of the enhancedradiative � ux.
Another interesting result noted from Table 1 is that a tube with
fully specularly re� ecting surface ( q d D 0, q s D q ) always transfers
less heat than a tube with fully diffusely re� ecting ( q s D 0, q d D q )
surface.This differencediminishesas x and Nc increases or optical
thickness decreases. However, diffuse and specular results do not
show any appreciable deviation.

The results discussed in this Note are based on the application
of the S6 method.12 Increasing S6 quadrature to S8 resulted in only
less than 0.5% change in Nu results. All of the computations were
carried out on a Pentium-processor-based PC. The average CPU
time per run is about 10 s.

Conclusions
The effect of anisotropy is signi� cant for low conduction-rad-

iation numbers and high values of scattering albedo. Strongly
forward scatteringmedia transfersmore heat than isotropicor back-
ward scattering media.

Specularly re� ecting tube wall transfers less heat than diffusely
re� ecting tube wall. The effect is pronounced at larger distances
from the inlet for low values of Nc and e and high t 0 .
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Estimation of Wall Heat Flux
in an Inverse Convection Problem
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Introduction

I N the inverse heat conduction problems, the surface conditions
or the thermal properties of a material are estimated by utilizing

the temperature measurements within the medium. These problems
have received much attention and numerous papers have been de-
voted to this topic of research. Inverse radiation problems have also
been investigatedextensively.They are concernedwith the determi-
nation of the radiative properties or the internal temperature pro� le
of a medium from the measured radiation data. Despite the rela-
tively large interest given in the inverse problems of heat conduc-
tion and radiation, only a small amount of work is available for the
inverse heat convectionproblems.1¡3 In all of these studies, the un-
known functions to be estimated are of one variable for the inverse
convection problems. In this Note, we consider the estimation of
the space- and time-dependentwall heat � ux for unsteady laminar-
forced convectionbetween parallel � at plates from the temperature
measurements taken inside the � ow or at the opposite wall.

Analysis
Direct Problem

Consider unsteady laminar-forced convection heat transfer in a
parallelplate duct with channelwidth b. The � ow enters the channel
with a fully developed velocity distribution u(y) and a constant
temperature T0. Initially, the duct walls are kept thermally insulated.
At time t D 0, the thermal condition of the upper wall at y D b is
suddenly changed and is subjected to wall heating condition with
a function of position x and time t . The � ow is assumed to have
constantpropertiesand the buoyancytermis neglected.It is intended
to providea � rst step toward futurework, in which these effectswill
be considered.Figure 1 describes the geometry and coordinates.By
introducing the following dimensionless quantities:

X D x / bPe, Y D y/ b, t D a t / b2

h D k(T ¡ T0)/ bqref, Pe D Nub/ a , U D u/ Nu (1)

Q D q / qref , U D 3
2
[1 ¡ (2Y ¡ 1)2]

where k is the thermal conductivity, a is the thermal diffusivity, T
is the temperature, q is the wall heat � ux, qref is the reference heat
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� ux, and Nu is the mean velocity.The governingenergy conservation
equation in dimensionless form for the problem is given by

¶ h

¶ t
C U

¶ h

¶ X
D

¶ 2 h

¶ Y 2
(2a)

with the initial condition and the boundary conditions

h (X, Y, 0) D 0 (2b)

h (0, Y, t ) D 0 (2c)

¶ h (X, 0, t )
¶ Y

D 0 (2d)

¡
¶ h (X , 1, t )

¶ Y
D Q(X , t ) (2e)

Inverse Problem

In the direct problem, the velocity distribution, the initial condi-
tion, and the boundary conditions are given to determine the tem-
perature distribution in the � ow� eld. In the inverse problem, the
temperature data are assumed to be measured inside the � ow or
at the lower wall. The dimensionless heat � ux at the upper wall,
Q(X, t ), is recovered by using the measured data. The estimation
of the wall heat � ux from the knowledge of the measured temper-
ature data can be constructed as a problem of minimization of the
objective function:

J D
MX

iD1

NX

k D 1

( h i,k ¡ Z i,k )2 (3)

where h i,k D h (X i , Y1 , t k ) is the calculated dimensionless tempera-
ture for an estimated Q(X, t ), and Z i,k D Z (X i , Y1, t k ) is the mea-
sured dimensionless temperature. If Y1 D 0, the measurements are
taken at the lower wall; if 0 < Y1 < 1, the measurements are taken
inside the � uid. M and N are the numbers of the measured points
in the X and t directions, respectively.

In this Note, the conjugate gradient method4 is employed to de-
termine the unknown wall heat � ux Q(X, t ) by minimizing the
objective function J . The iterative process is

Q p C 1
m,n D Q p

m,n ¡ b pd p
m ,n (4)

where Qm,n D Q(Xm , t n ), b p is the stepsize,andd p
m,n is the direction

of descent, which is determined from

d p
m ,n D

¶ J

¶ Qm,n

p

C c pd p ¡ 1
m,n (5)

and the conjugate coef� cient c p is computed from

c p D
MX

m D 1

NX

n D 1

"
¶ J

¶ Qm ,n

p
#2,

MX

m D 1

NX

n D 1

"
¶ J

¶ Qm,n

p ¡ 1
#2

with c 0 D 0 (6)

Fig. 1 Geometry and coordinates.


